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434 L. J. MADDOX [May

This concludes the proof.

Remark. On sets without interior, a considerably stronger version of the theorem
can be derived from it without any extra effort:

If E is an Arakelian set with empty interior, f and w are continuous functions on E,
[ is complex-valued, w is positive (and w(z) — 0 as z = oo along E, to make things
interesting), then there is an entire function h that satisfies

h(z) = f(2)] < w(z)
for every z € E.

To prove this, apply the theorem twice: There are entire functions g and A so
that

Re g < log w and Iho—f' CXP(—g)l <1
on E.Put h = h, - exp(g).
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Bounded linear functionals of the type

f(x) = fjg(r)x(r)dt (1)

frequently occur in elementary functional analysis and its applications, and one
needs to have an expression for || f], the norm of f. For example, if x = x(¢) is a
continuous function of period 27 and X is the Banach space of all such functions,
with ||x|| = max{|x(¢)|: —« < ¢ < 7}, then the Fourier coefficients of x are, by
definition,

1 = 1 m
a, = ;f_ x(t)cosktdt, b, = ;f_ x(t)sin ke dt, )
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for k =0,1,2,.... Now if s,(x) denotes the nth partial sum of the Fourier series
4o

5t Z (a, cos kw + b, sin kw)

k=1
in the case when w = 0, we see from (2) that

()= o[

which is of the form (1), with x a continuous function on [ —#, 7] and with
1 sin(n +1/2)t
g(1) = T

27 sin(1/2)
It follows from (3) and (4) that

lsu(x) [ < 5|1+ Z 2)f_ﬂﬂlx(z) |de < (1 + 2n)|x]l,

which implies that s, is a bounded (and obviously linear) functional on X. Since, by
definition, ||s,|| = Sup{|s () llxll < 1}, it follows that ||s,|| < 1 + 2n.

In order to deduce the very interesting result that there is a continuous function
of period 27 whose Fourier series diverges at O it is enough to show that ||s,|| = oo
as n — 0. Details may be found in Gal [1], where it is shown that

sl = [ lg(2)]a, (5)

1+2 i coskt)x(t) dt, (3)

1+22coskt
k=1

(4)

with g given by (4).

Because of the especially simple form of g in (5) the determination of ||s,|| is not
difficult, but in the more general case (1), where x may be any continuous function
on [a, b] and g any given continuous function the usual proofs which determine
[|f]] are quite technical and reasonably lengthy. See, for example, Kantorovich and
Akilov [2], p. 104.

In this note we show how to determine || f|| in (1) by a short elementary method
which holds also for any Riemann integrable functions.

Now let us denote by R[a, b] the real linear space of Riemann integrable
functions x = x(t), a < t < b, with a and b finite real numbers. Define the norm
of x to be ||x|| = sup{|x(¢)|: a <t < b}. Since every continuous x is in R[a, b] we
have that C[a, b] is a linear subspace of R[a, b] and so the theorem below also
applies to any continuous functions.

THEOREM 1. Let g be a fixed element of R[a, b]. Then f given by (1) above defines
a bounded linear functional on R[a, b] and

b
1711 = sup{| £(Cx) | llxlh < 1) = [7 () |dr. (6)
Proof. First, for any x € R[a, b] with ||x|| < 1 we have

1) < [18@)]-1x(0) |de <l 18

This content downloaded from 150.214.205.170 on Mon, 18 Feb 2019 18:09:17 UTC
All use subject to https://about.jstor.org/terms



436 I. J. MADDOX [May

which implies || f|| < [?|g(¢)| dt. The problem is to prove the reverse inequality. To
do this, take any natural number n. Then, writing for simplicity, [|g| = [?|g(¢?)| dt,
etc., we have

1+n|g|
Jiel= Jigl-

ng . ng

= _ 4 . — +

f1+n|g| Je g = i f(1+n|g|)

dt ng
< =+ =
/= “f“”1+n [

using the facts that |g(¢)|/(1 + n|g(?)]) < 1/n and that |f(x)]| < ||f|l||x]| for all
X € Rla, b]. Also, since ||ng/(1 + n|g])|| < 1, we see that

L&)l < (b= a)/n+ 1111, (7)

and our result follows by letting n — oo in (7).

An extension of Theorem 1 is obtained by considering the space Ry[a, o) of
Riemann integrable bounded functions x on [a, 00) with ||x|| = sup{|x(¢)|: a < ¢
< o0}, and a fixed g € R[a, y] for each y > a which is such that

Jim [g(e)lde = [18(0)]di < oo. ®)

In this case,

1) = [Te(0)x(1) d

defines a bounded linear functional f on Rg[a, o) such that

1A= [ la(0) | ©)

That || f|| < [&|g(?)|dt is trivial. To prove the reverse inequality we take any
e > 0. Then by (8) there exists b = b(e) > a such that

faoo|g(t)}dt < fab|g(t)ldt+ e.

Hence (7) above implies

faoolg(t)ldt <(b—a)/n+fll +e

and (9) follows on letting n — oo, and then letting ¢ — 0.

My thanks are due to my colleague, Dr. David Armitage, for his response to a question of mine which
led me to obtain the simple proof given above.
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