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 1989] NOTES 435

 for k = 0, 1, 2. Now if s, (x) denotes the nth partial sum of the Fourier series
 ao ??
 -+ E (ak coskw + bk sin kw)
 2 k=1

 in the case when w = 0, we see from (2) that

 Sn (X) = 2 fT I + 2 E cos kt) x (t) dt, (3)

 which is of the form (1), with x a continuous function on [-7T, 7T] and with

 I t 1 sin(n + 1/2)t
 g(t)= -I+ co k (4)

 g(t)= 2ST k=1 2 T sin(t/2)
 It follows from (3) and (4) that

 (sn(X) I1 2 (+ kI)2 ) I x (t, t < (1 + 2n) l(xl,

 which implies that s, is a bounded (and obviously linear) functional on X. Since, by

 definition, 11s,n11 = sup{Isn(x)I: Ilxi II 1}, it follows that IIsnlI < 1 + 2n.
 In order to deduce the very interesting result that there is a continuous function

 of period 27 whose Fourier series diverges at 0 it is enough to show that IIsnll - oc
 as n -> so. Details may be found in G'al [1], where it is shown that

 llsnll = f g(t) dt, (5)

 with g given by (4).

 Because of the especially simple form of g in (5) the determination of IIs,,JI is not
 difficult, but in the more general case (1), where x may be any continuous function
 on [a, b] and g any given continuous function the usual proofs which determine

 lf 11 are quite technical and reasonably lengthy. See, for example, Kantorovich and
 Akilov [2], p. 104.

 In this note we show how to determine 11f 11 in (1) by a short elementary method
 which holds also for any Riemann integrable functions.

 Now let us denote by R[a, b] the real linear space of Riemann integrable

 functions x = x(t), a < t < b, with a and b finite real numbers. Define the norm

 of x to be llxll = sup{jx(t)I: a < t < b}. Since every continuous x is in R[a, b] we
 have that C[a, b] is a linear subspace of R[a, b] and so the theorem below also
 applies to any continuous functions.

 THEOREM 1. Let g be a fixed element of R[a, b]. Then f given by (1) above defines
 a bounded linear functional on R[a, b] and

 ||f 11 = sup{|f(x)|: lIxiI < 1) = f'lg(t) I dt. (6)

 Proof First, for any x e R[a, b] with llxll < 1 we have

 bx < fg(t), Ix(t)Idt b ag(t)Idt
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 436 I. J. MADDOX [May

 which implies 11111 < fj'Ig(t) dt. The problem is to prove the reverse inequality. To
 do this, take any natural number n. Then, writing for simplicity, f Igi = JJ'ig(t)j dt,
 etc., we have

 lgi Ig 1 + nlgl
 JlGl lGl 1+ nlgl

 __g__ ng jgj ng

 X+ nii l g J+g + nlgl + nigi 1 + ngl)
 dt ng

 using the facts that Ig(t) /(1 + nIg(t) ) < 1/n and that If(x)I <I f II II lxII for all
 x E R[a, b]. Also, since IIng/(l + nIgl)II < 1, we see that

 b Ig(t) I dt < (b - a)/n + llf 11, (7)

 and our result follows by letting n -> so in (7).

 An extension of Theorem 1 is obtained by considering the space RB[a, oo) of
 Riemann integrable bounded functions x on [a, oo) with jjxII = supfix(t)I: a < t
 < o}), and a fixed g E R[a, y] for each y > a which is such that

 lim f1g(t) dt f g(t)|dt<c. (8)
 V 00 a al

 In this case,

 f(x) = f g(t)x(t) dt

 defines a bounded linear functional f on RB[a, oo) such that

 1111 = fI g(t)Idt. (9)

 That lf 11 < fJa?jg(t)l dt is trivial. To prove the reverse inequality we take any
 E> 0. Then by (8) there exists b = b(c) > a such that

 fl g(t)Idt < fb g(t) dt + E.
 Hence (7) above implies

 f g(t) I dt < (b - a)/n + 11f11 + e,
 a

 and (9) follows on letting n -* oo, and then letting e -- 0.

 My thanks are due to my colleague, Dr. David Armitage, for his response to a question of mine which
 led me to obtain the simple proof given above.
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